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1
1 Introduction
If the space–time is not a differentiable manifold but a non–commutative ge-
ometry there may be interesting new physical effects. Because of the non ex-
istence of sufficiently developed differential calculus on the non–commutative
geometry to study physical effects one needs new mathematical tools. Since
on the other hand the quantum group spaces are natural examples for the
non–commutative geometries it is of interest to develop an algorithm that
can be employed in physical applications. In that direction we have recently
investigated the Green function on SUq(2) [1]. Purpose of the present work
is to present some tools to be used in the spectral analysis on group Eq(2)
or corresponding non–commutative plane Eq(2)/U(1).
In the following section we first review the known invariant integral on
SUq(2) and then present the similar construction for Eq(2).
In Section III the scalar product on Eq(2) is introduced.
Section IV is devoted to the derivation of the matrix elements of Eq(2)
irreducible representations from SUq(2) by contraction.
In Section V we obtain the Planscherel measure on Eq(2).
Most of the known formulae as well as methods which we employ are
presented in the Appendix.
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2 Invariant Integral on Eq(2)
Let us start by reviewing the construction of the invariant integral for SUq(2)
which will guide in Eq(2) case.
Rewiev of the invariant integral on SUq(2)
The coordinate functions x, u, x∗, u∗ generating the ∗–Hopf algebra
A(SUq(2)) satisfy the following relations [2]
u(x) = qxu, x∗u = qux∗, uu∗ = u∗u,
xx∗ + uu∗ = 1, x∗x+ q2uu∗ = 1. (II.1)
In q → 1 limit the above relations define the three dimensional sphere S3
which is the topological manifold of SU(2). In q 6= 1 case we consider
irreducible ∗–representation pi of the associative algebra A(SUq(2)) in the
Hilbert space L2(Z) with the orthonormal basis {| n〉}n∈Z [3]
pi(x) | n〉 = (1− q2n)1/2 | n− 1〉, pi(u) | n〉 = qn | n〉,
pi(u∗) | n〉 = qn | n〉, pi(x∗) | n〉 = (1− q2n+2)1/2 | n + 1〉 (II.2)
for 0 < q < 1. We associate a vector v ∈ L2(Z) to each point of the
“topological space” SUq(2). Then
fv = 〈v | pi(f) | v〉 (II.3)
gives the value of any function f ∈ A(SUq(2)) at this point. Thus by topolog-
ical space of the quantum group SUq(2) we mean the carrier space L
2(Z) of
the ∗–representation of A(SUq(2)). By the subspace Xq of SUq(2) we mean
the subspace H ′ of the Hilbert space L2(Z). The empty set in SUq(2) is the
empty set in L2(Z). Two subspaces Xq and X
′
q of SUq(2) are said to have
zero intersection (Xq
⋂
X ′q = ∅ ) if the corresponding subspaces H and H
′ of
the Hilbert space L2(Z) has zero intersection. The union and intersection of
subspaces Xq, X
′
q ⊂ SUq(2) are understood as the union and intersection of
corresponding subspaces H , H ′ ⊂ L2(Z).
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Consider the linear map µ : SUq(2)→ [0,∞) defined by
µ(Xq) = (1− q
2)
∑
n∈J
〈n | pi(µS) | n〉, (II.4)
where J ⊂ Z, such that the vectors | n〉, n ∈ J span the subspace H of L2(Z)
corresponding to the subspace Xq of SUq(2), µS ∈ A(SUq(2)). Since the left
hand side of the above expression is positive definite the operator pi(µS) must
be self–adjoint and positive definite in L2(Z0). To make the linear map (II.4)
a measure on SUq(2) we have to impose the additivity condition
µ(
⋃
j
Xqj) =
∑
j
µ(Xqj) (II.5)
for the disjoint subspaces Xqj of SUq(2). Inspecting (II.2) and (II.4) we
conclude that µS is a polynomial of ξ = uu
∗. The measure on SUq(2) is then
given by
µ(Xq) = (1− q
2)
∑
n∈J
〈n | pi(µS(ξ)) | n〉 = (1− q
2)
∑
n∈J
µS(q
2n). (II.6)
By means of the measure µ on the quantum group SUq(2) we introduce
the linear functional ψ : A(SUq(2))→ C as
ψ(f) = (1− q2)
∞∑
n=0
〈n | pi(fµS) | n〉. (II.7)
If f is the function of ξ only we can rewrite (II.7) as
ψ(f) =
∫ 1
0
f(ξ)dq2µS(ξ). (II.8)
On the other hand the invariant integral on SUq(2) is [3]
ψ(f) =
∫ 1
0
f(ξ)dq2ξ. (II.9)
Comparing to (II.8) we see that if
µS(ξ) = ξ, (II.10)
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the linear functional (II.7) defines the invariant integral on SUq(2). Hence,
the invariant measure and invariant integral on the quantum group SUq(2)
are given by
µ(Xq) = (1− q
2)
∑
n∈J
q2n (II.11)
and
ψ(f) = (1− q2)
∞∑
n=0
〈n | pi(fξ) | n〉 (II.12)
respectively. Here J ⊂ Z, such that the vectors | n〉, n ∈ J span the subspace
H of L2(Z) corresponding to the subspace Xq of SUq(2).
Invariant integral on Eq(2)
In fashion parallel to SUq(2) we can define the invariant measure on Eq(2).
The irreducible ∗–representation pi of the algebra of polynomials on Eq(2) is
constructed in the Hilbert space L2(S) of square integrable functions on the
circle S. In the orthonormal basis | j〉 = 1√
2pi
eijψ, −∞ < j <∞ we have
pi(z) | j〉 = q−j | j − 1〉, pi(z∗) | j〉 = q−j−1 | j + 1〉, pi(δ) | j〉 =| j − 2〉.
(II.13)
Thus as topological space the quantum Euclidean group Eq(2) is equivalent
to the Hilbert space L2(S). The measure on Eq(2) is given by
µ(Xq) = (1− q
2)
∑
j∈J
〈j | pi(µE) | j〉, (II.14)
where µE is polynomial of coordinate functions z, z
∗, δ±1; and J ⊂ Z such
that the vectors | j〉, j ∈ J , span a basis in the subspace H ⊂ L2(S) cor-
responding to the subspace Xq ⊂ Eq(2). Since Eq(2) can be obtained from
SUq(2) by contraction we define µE from µS of (II.11) as
µE = lim
r→∞(r
2µS(
u0u
∗
0
r2
)) = zz∗ = ρ2. (II.15)
Thus the invariant measure on Eq(2) is given by
µ(Xq) = (1− q
2)
∑
j∈J
〈j | pi(ρ2) | j〉 = N
∑
j∈J
q−2j . (II.16)
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By the virtue of the invariant measure we define the invariant integral on
Eq(2) as
ψ(f) = (1− q2)
∞∑
j=−∞
〈j | pi(fρ2) | j〉, (II.17)
provided that the left–hand side is finite. If f(g) = f(ρ) the above expression
can be rewritten by means of q–integral as
ψ(f) =
∫ ∞
−∞
f(ρ)dq2(ρ
2). (II.18)
The invariant measure and invariant integral on the quantum group Eq(2)
are then given by
µ(Xq) = (1− q
2)
∑
j∈J
q−2j (II.19)
and
ψ(f) = (1− q2)
∞∑
j=−∞
〈j | pi(fρ2) | j〉 (II.20)
respectively. The subset J ⊂ Z is defined such that the vectors | j〉, j ∈ J
span the subspace H ⊂ L2(S) corresponding to the subspace Xq of Eq(2).
3 Scalar Product on Eq(2)
Let Φ(Eq(2)) be the set of analytic functions on Eq(2) such that
ψ(ff ∗) <∞, (III.1)
where ψ is the invariant integral (II.20) on Eq(2).
Recall that the homomorphism
φ(z) = 0, φ(z∗) = 0, φ(δ) = t (III.2)
defines the quantum subgroup U(1) ⊂ Eq(2). We have then the decomposi-
tion
Φ(Eq(2)) =
∑
ij∈Z
⊕Φ[i, j] (III.3)
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where
Φ[i, j] = {f ∈ Φ(Eq(2)) : L(f) = t
i ⊗ f ; R(f) = f ⊗ tj} (III.4)
and
L = (φ⊗ id) ◦∆, R = (id⊗ φ) ◦∆. (III.5)
The subspace Φ[i, j] ⊂ Φ(Eq(2)) consists of the elements of the following
form
fij(g) = δ
jzi−jfij(ρ
2), for i ≥ j (III.6)
and
fij(g) = δ
j(z∗)j−ifij(ρ
2), for i ≤ j, (III.7)
where ρ2 = zz∗.
By means of the invariant integral we introduce in Φ(Eq(2)) the bilinear
forms
(f, f ′)L = ψ(f
∗f ′) (III.8)
and
(f ′, f)R = ψ(f
′f ∗) (III.9)
related to each other as
(f, f ′)L = (τ(f
′), f)R, (III.10)
where τ is the automorphism in Eq(2) defined as
τ(z) = qz, τ(z∗) = q−2z∗, τ(δ) = q−4δ (III.11)
By the virtue of (III.6) and (III.7) we get
τ(f) = q−2(i+j)f (III.12)
for f ∈ Φ[i, j]. To prove the identity (III.10) we use the following represen-
tation for the invariant integral
ψ(f) = (1− q2)Tr(fρ2), (III.13)
which is the result of (II.20). In this representation the equality (III.10) reads
Tr(f ∗f ′ρ2) = Tr(τ(f ′)f ∗ρ2). (III.14)
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Due to the decomposition (III.3) it is enough to verify that (III.13) is valid
for f ∈ Φ[i, j] and f ′ ∈ Φ[i′, j′]. The latter can easily be verified by using
(III.6), (III.7), (III.12) and (B.7).
The representation (III.13) of the invariant integral allows us to prove
that the bilinear forms (III.8) and (III.9) are scalar products in Φ(Eq(2)).
For that purpose we put F = fρ and F ′ = f ′ρ in (III.8) and using (III.13)
we get
(f, f ′)L = (1− q
2)Tr(F ∗F ′). (III.15)
The left hand side of the above equality defines the scalar product in the space
of Hilbert–Schmidt type operators. Thus the bilinear form (III.8) defines the
scalar product in Φ(Eq(2)). In a similar fashion one can show that bilinear
form (III.9) is also scalar product.
From (III.6), (III.7), (II.13) and (II.20) we have
(f1, f2)L,R = 0, (III.16)
for f1 ∈ Φ[i, j], f1 ∈ Φ[i
′, j′] such that (i, j) 6= (i′, j′). Thus the decomposition
(III.3) is orthogonal with respect to the scalar products (III.8) and (III.9).
4 Matrix Elements of the Irreducible Repre-
sentations of Eq(2) from SUq(2) by Contrac-
tion
Unitary representations of Eq(2) are previously studied [4]. We now show
that the matrix elements of the unitary irreducible representations of Eq(2)
can be obtained from the ones of SUq(2) by contraction. This example shows
that there exists q–analog of contraction procedure of classical groups repre-
sentations which was investigated in [5].
In Appendix C we review the derivation of the matrix elements of the
unitary irreducible representations of E(2) from SU(2) by the following con-
traction procedure
tpij(φ, ρ, ζ) = lim
l→∞
tlij(φ, pρ/l, ζ − φ), (IV.1)
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where one puts θ = pρ/l in the decomposition (C.5) of SU(2). The quantum
analog of the above procedure is
tpij = lim
l→∞
tlij(x0, y0,
pv0
[l]
,
pu0
[l]
), (IV.2)
where [m] = q
m−q−m
q−q−1 and t
l
ij(x, y, v, u) are the matrix elements of the unitary
irreducible representation of SUq(2) (see [6] and references therein ) :
tlij = λ
l
ijx
−i−jvi−j2 φ1(q
−2(l+j), q2(j+l+1); q2(l+i−j) | q2,−q2uv), (IV.3)
with i+ j ≤ 0, j ≤ i and
λlij = q
(l+i)(l−j)
√√√√[ l + j
j − i
]
q2
[
l − j
j − i
]
q2
. (IV.4)
Here 2φ1 and [·]q are the q–hypergeometric function and the q–binomial co-
efficients respectively. We first calculate
lim
l→∞
λli,jx
−i−j
0 (
(pv)
[l]
))i−j =
q
m2−n2
2
+ j−i
2
[i− j]!
pi−jx−i−j0 v
i−j
0 (IV.5)
and
lim
l→∞
(φ21(q
−2(l+j), q2(l+1+j); q2(1+i−j) | q2, q2
(p2v0v
∗
0)
[l]
)) =
= [i− j]!
∞∑
k=0
(−1)k
[k]![k + i− j]!
(q−i−jp2zz∗)k. (IV.6)
We then combine them to arrive at
tpij(g) = (iq
−1/2)i−jδ−j/2(pz∗)i−jJi−j(p
2zz∗)δ−j/2, i ≥ j. (IV.7)
For i ≤ j on the other hand one obtains
tpij(g) = (−iq
1/2)i−jδ−j/2Jj−i(p
2zz∗)(pz)j−iδ−j/2. (IV.8)
In the above formulae Jj are the q–Bessel functions given by
Jj(x) =
∞∑
k=0
(−1)k
[k]![k + j]!
(q−jx)k. (IV.9)
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Before closing this section for the sake of completeness we like to present
the already known formulae for the right and left representations of the quan-
tum algebra Uq(e(2)) obtained from the representation of Uq(su(2)) by con-
traction [8]
R(E±)t
p
ij = pt
p
i±1,j, R(k)t
p
ij = q
−itpij (IV.10)
and
L(E±)t
p
ij = pt
p
i,j∓1, L(k)t
p
ij = q
−jtpij. (IV.11)
5 Planscherel Measure on Eq(2)
The comultiplication
∆ : Φ(Eq(2))→ Φ(Eq(2))⊗ Φ(Eq(2)) (V.1)
defines the regular representations of the quantum group Eq(2) in Φ(Eq(2)).
Since the scalar product in Φ(Eq(2)) is defined by means of the invariant
integral this representation is unitary. The linear space Φ(Eq(2)) is com-
mon invariant dense domain for the set of linear operators R(φ), L(φ),
φ ∈ Uq(e(2)). Since the representation (V.1) of Eq(2) is unitary the rep-
resentatives of R(E+E−), R(H), L(H) will be at least symmetric operators
in Φ(Eq(2)). From (IV.10), (IV.11) as well as from
R(E+E−)t
p
ij = p
2tpij (V.2)
we see that the matrix elements tpij are eigenfunctions of these operators.
Thus, the eigenfunctions tpij and t
p′
i′j′ corresponding to different eigenvalues
are orthogonal
(tpij , t
p′
i′j′)L = c
l
ij(p)δii′δjj′δ(p− p
′), (V.3)
(tpij , t
p′
i′j′)R = c
r
ij(p)δii′δjj′δ(p− p
′), (V.4)
where clij(p) and c
r
ij(p) are the normalization constants. Due to the existence
of the delta function the matrix elements of the unitary irreducible repre-
sentations of Eq(2) in Φ(Eq(2)) do not belong to Φ(Eq(2)). This is natural
feature of the non–compact groups.
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Since τ(tpij) = q
2(i+j)tpij from (III.10) and the above orthogonality condi-
tions we obtain
clij(p) = q
2(i+j)crij(p). (V.5)
From the explicit expressions (IV.7) and (IV.8) for the matrix elements we
have
tpp0ij = β(t
p
ij) (V.6)
with β being the automorphism in the quantum group Eq(2) defined as
β(z) = p0z, β(δ) = δ, β(z
∗) = p0z
∗; p0 ∈ (0, ∞). (V.7)
To preserve the unitarity of Eq(2) representations we choose p0 to be real
and positive. Using the explicit expressions for the Hermitian forms (III.8)
and (III.9) we arrive at
(tpij , t
p′
i′j′)R,L = p
2
0(t
pp0
ij , t
p′p0
i′j′ )R,L (V.8)
which implies
cr,lij (p) = p0c
r,l
ij (pp0) (V.9)
for any p0 ∈ (0,∞) and i, j ∈ Z. Thus the normalization coefficients can be
represented as
cr,lij (p) =
1
p
ar,lij , (V.10)
where the coefficients ar,lij do not depend on p.
From the unitarity of the left regular representation we have
(R(En±)t
p
ij , t
p′
i′j′)R = (t
p
ij ,R(E
n
∓)t
p′
i′j′)R. (V.11)
The above relation implies
ari,j = a
r
i±n,j (V.12)
for any n ∈ Z0. Thus the coefficients a
r
i,j do not depend on the first subindex
i.
ari,j = c
r
j (V.13)
In a similar fashion using the unitarity of the right regular representation we
get
ali,j = c
l
i (V.14)
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which is independent of its second subindex. By the virtue of (V.5) we have
cli = q
2(i+j)crj , (V.15)
which is solved by cli = cq
2i and crj = cq
−2j with c = constant. Thus
the matrix elements of the unitary irreducible representations satisfy the
following orthogonality conditions
(tpij , t
p′
i′j′)R =
cq−2j
p
δii′δjj′δ(p− p
′), (V.16)
and
(tpij | t
p′
i′j′)L =
cq2i
p
δii′δjj′δ(p− p
′), (V.17)
which implies that the Planscherel measure on Eq(2) is p.
For any function f ∈ Φ(Eq(2)) which can be expressible as the linear
combination of the matrix elements tpij we have
f =
1
c
∫ ∞
0
pdp
∞∑
i,j=−∞
q2j fˆ pijt
p
ij , (V.18)
where
fˆ pij = (f, t
p
ij)R. (V.19)
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Appendix
A. Quantum Group SUq(2) and Algebra Uq(su(2))
The quantum group SUq(2) or the ∗–Hopf algebra A(SUq(2)) is the alge-
bra of polynomials of the coordinate functions x, x∗, u and u∗ satisfying the
relations (II.1) and the coalgebra operations
∆(x) = x⊗ x− qu⊗ u∗, ∆(u) = x⊗ u+ u⊗ x∗, (A.1)
ε(x) = 1, ε(u) = 0 (A.2)
and the antipode
S(x) = x∗, S(x∗) = x, S(u) = −qu, S(v) = −q−1v. (A.3)
The quantum algebra U(suq(2)) is generated by the elements
E±, k± = q
±H/4 (A.4)
satisfying the relations
[E+, E−] =
k2 − k−2
q − q−1
, kE± = q
±1E±k (A.5)
involutions
(E±)
∗ = E∓, k
∗ = k (A.6)
and co–algebra operations
∆U(E±) = E± ⊗ k + k
−1 ⊗ E±, ∆U (k) = k ⊗ k, (A.7)
εU(E±) = 0, εU(k) = 1 (A.8)
and antipode
SU(E±) = −q
±1E±, SU(k) = k
−1. (A.9)
The quantum algebra Uq(su(2)) is in the non–degenerate duality with the
quantum group SUq(2)
B. Eq(2) from SUq(2) by Contraction
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Substituting
x→ x0, u→
1
r
u0, (B.1)
in the formulas (II.1) and (A.1)→(A.3) we get the relations
u0u
∗
0 = u
∗
0u0, u0x0 = qx0u0, qu0x
∗
0 = x
∗
0u0,
x0x
∗
0 +
1
r2
u0u
∗
0 = 1, x
∗
0x0 +
q2
r2
u0u
∗
0 = 1, (B.2)
the coalgebra operations
∆x0 = x0 ⊗ x0 −
q
r2
u0 ⊗ u
∗
0, ∆u0 = x0 ⊗ u0 + u0 ⊗ x
∗
0, (B.3)
ε(x0) = 1, ε(u0) = 0 (B.4)
and the antipode
S(x0) = x
∗
0, S(u0) = −qu0. (B.5)
Taking r →∞ limit in the above formulae and putting
z = iqx0u0, δ = x
2
0 (B.6)
we arrive at
zz∗ = q−2z∗z, zδ = q2δz, z∗δ = q2δz∗, (B.7)
δ∗ = δ−1, (B.8)
∆(z∗) = z∗ ⊗ 1 + δ−1 ⊗ z∗, ∆(z) = z ⊗ 1 + δ ⊗ z, ∆(δ) = δ ⊗ δ, (B.9)
ε(δ) = 1, ε(z) = 0, (B.10)
and
S(δ) = δ−1, S(z) = −δ−1z, S(z∗) = −δz∗. (B.11)
The above relations define the quantum Euclidean group Eq(2) [7].
Due to the duality one obtains Uq(e(2)) from Uq(su(2)) also by contrac-
tion. Substituting
E± → rE±, k → k (B.12)
in (A.5)→(A.9) and taking r →∞ limit one gets the relations
[E+, E−] = 0, kE± = q
±1E±k, (B.13)
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the involution
E∗± = E∓, k
∗ = k, (B.14)
the coalgebra operations
∆U (E±) = E± ⊗ k + k
−1 ⊗E±, ∆U(k) = k ⊗ k, (B.15)
εU(E±) = 0, εU(k) = 1 (B.16)
and the antipode
SU(E±) = −q
±1E±, SU(k) = k
−1, (B.17)
C. Unitary Representations of E(2) from SU(2) by Contraction
[9]
Matrix elements tpkj , p ∈ (0, ∞), −∞ < k, j < ∞, of the unitary
irreducible representation of E(2) has the following integral representation
tpkj(gE) =
e−i(kφ+j(ζ−φ))
2pi
∫ 2pi
0
eipρ cosψei(k−j)ψdψ, (C.1)
where
gE =

 cos ζ − sin ζ ρ cosφsin ζ cos ζ ρ sin φ
0 0 1

 . (C.2)
Matrix elements tlij , l ∈
1
2
Z0, −l ≤ i, j ≤ l, of the unitary irreducible repre-
sentation of SU(2) are given by
tlkj(gS) = e
−i(kφ+jφ′)P lkj(cos θ), (C.3)
where P lkj is the Jacobi polynomial which has the following integral repre-
sentation
P lkj(cos θ) =
1
2pi
√√√√ (l − j)!(l + j)!
(l − k)!(l + k)!
∫ 2pi
0
dψeijψ(i sin(θ/2)eiψ/2 + cos(θ/2)e−iψ/2)l−k
(i sin(θ/2)e−iψ/2 + cos(θ/2)eiψ/2)l+k (C.4)
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and
gS =
(
ei(φ+φ
′)/2 cos θ/2 iei(φ−φ
′)/2 sin θ/2
iei(φ
′−φ)/2 sin θ/2 e−i(φ+φ
′)/2 cos θ/2
)
(C.5)
Putting θ = pρ/l in (C.4) for l >> 1 we have
P lkj(cos(pρ/l)) =
1
2pi
∫ 2pi
0
dψei(j−k)ψdψ(1 +
ipρ
2l
e−iψ/2)l−k(1 +
ipρ
2l
eiφ/2)l+k.
(C.6)
By the virtue of liml→∞(1 + x/l)l = ex we obtain
lim
l→∞
P lkj(cos(pρ/l)) =
1
2pi
∫ 2pi
0
eipρ cosψei(k−j)ψdψ. (C.7)
Hence the matrix elements of the unitary irreducible representation of the
Euclidean group E(2) with weight p can be obtained from those of SU(2) by
the following contraction formula
tpkj(φ, ρ, ζ) = lim
l→∞
tlkj(φ, pρ/l, ζ − φ). (C.8)
16
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